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Since earlier approaches to compactness in fuzzy spaces have serious limita- 
tions, we propose a new definition of fuzzy space compactness. In doing so, we 
observe that it is possible to have degrees of compactness, which we call a- 
compactness (a a member of a designated lattice). We obtain a Tychonoff 
Theorem for an arbitrary product of or-compact fuzzy spaces and a l-point 
compactification. We prove that the fuzzy unit interval is tx-compact. 
Compact fuzzy topological spaces were first introduced in the literature by 
Chang [l] who proved two results about such spaces. The next compactness 
results, due to Goguen [2], are an Alexander Subbase Theorem and a Tychonoff 
Theorem for finite products. Goguen was the first to point out a deficiency in 
Chang’s compactness theory by showing that the Tychonoff Theorem is false 
for infinite products. Although Wong [8] treats compactness, his results are 
not significant. 
Weiss [7] deals with a subfamily of the family of all fuzzy topologies on a 
fixed set. Since no member of Weiss’ subfamily is compact in the sense of 
Chang, Weiss introduced a new notion of compactness applicable only to his 
subfamily. Lowen [4] gave a new definition of a compact fuzzy space which, 
when restricted to Weiss’ subfamily, is equivalent to Weiss’ notion. However, 
Lowen is able to obtain only a finite Tychonoff Theorem. 
In a second paper [5], Lowen gives a different definition of a compact fuzzy 
space and drastically alters the definition of a fuzzy topological space. Although 
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Lowen is able to obtain a Tychonoff theorem for an arbitrary product, he has 
lost the concept that fuzzy topology generalizes topology. More specifically, 
the usual definition of a fuzzy topology includes ordinary topologies, but 
Lowen’s definition of a fuzzy topology excludes ordinary topologies from being 
fuzzy topologies. 
Since each of the above approaches to compactness has serious limitations, 
a new concept is needed. We propose a new definition for a fuzzy space to be 
compact. In doing so, we observe that it is possible to have degrees of compact- 
ness, which we call ar-compactness (a a certain type of member of a designated 
lattice). We obtain a Tychonoff Theorem for an arbitrary product of a-compact 
fuzzy spaces and a l-point compactification. We prove that the fuzzy unit 
interval, introduced in [3], is or-compact. 
1. PRELIMINARY NOTIONS 
Throughout this paper, the symbol L will denote a completely distributive 
lattice, with a smallest element 0 and a largest element 1 (0 # I), that is equipped 
with an order reversing involution a + a’ (a EL). We will let I denote the closed 
unit interval [0, I] of the real line; in its natural order, I is a completely distribu- 
tive lattice with order reversing involution defined by a’ = 1 - a (a EI). In 
Section 3 we will need the following subsets of L. 
Lc = {a EL: a is comparable to each ,d EL), 
La={or~LC:if/3>aandy>cr,then/3~y>or). 
Note that when L = I, or L is a chain, then La = L. 
Given such a lattice L, and a nonempty set X, the L-fuzzy sets of X are just 
the elements of Lx, i.e., the functions from X into L. The crisp subsets of X are 
just the (0, I}-valued functions on X, i.e., the characteristic functions of the 
subsets of X. (We will identify a subset of X with the associated crisp subset of 
X). If a EL, then a is the constant function from X into L whose value is a. 
When L = I, we recover the notion of fuzzy sets of X due to Zadeh [9]; the 
more general notion of L-fuzzy sets of X is due to Goguen [2]. 
By an L-fuzzy topology on a set X we mean a subset f C Lx such that 
(1) 0, 1 ET’, 
(2) U, VET+ UA VEY, and 
(3) YCLT * VYE9-. 
Here, U A V and VP’ are defined by 
(U A V) (x) = inf(U(x), V(x)>, VLqx) = sup{S(x): s E Y}, for x E X, 
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and U v V and A9’ are similarly defined. A base for an L-fuzzy topology f 
on a set X is a collection 93 C y such that, for each U E r there exists gU C g 
with U = v9u; and a subbase for r is a collection 9’ C r such that 
{Sl A ... A S,: n E N and S, ,..., S , E 9} u (1) is a base for r. Any collection 
9’ C Lx is a subbase for a unique L-fuzzy topology T(Y) on X; we say that 
T(Y) is generated by 9. 
By an L-fuzzy space we mean a pair (X, f), where X is a set and 9- is an 
L-fuzzy topology on X, when L = I we refer to (X, 9) simply as a fuzzy space. 
The elements of y are called the open L-fuzzy sets of X, and their complements 
U’, where U’(x) = U(x)‘, are called the closed L-fuzzy sets of X. If A is a subset 
of X, and if r is an L-fuzzy topology on X, then the set of restrictions rA = 
{U j A: L’ E r> is an L-fuzzy topology on A, and we say that (A, &), is a (crisp) 
subspace of (X, r). 
If (X, r) and (Y, 0) are two L-fuzzy spaces, then a map f : X ---f Y is F-con- 
tinuous if f-‘( IT) E r for 2’ E G, where f-‘(V) (x) -= V(f(x)), forall x E X. 
2. COMPACTNESS IN FUZZY SPACES 
2.1. DEFINITION. Let (X, r) be an L-fuzzy space, and let 01 EL. A collection 
% C 9’ will be called an a-shading (resp. a*-shading) of X if, for each x E X, 
there exists a U E @ with U(x) > 01 (resp. U(x) > a). A subcollection ??‘- of an 
a-shading (resp. a*-shading) % of X that is also an a-shading (resp. or*-shading) 
is called an oi-subshading (resp. cY*-subshading) of %!. (X, S) will be called 
a-compact (resp. ol*-compact) if each a-shading (resp. x*-shading) of X has a 
finite a-subshading (resp. a*-subshading). 
It is obvious from these definitions that any finite L-fuzzy space is ol-compact 
and or*-compact for any OL EL. Also every L-fuzzy space is l-compact and 
0*-compact. According to Chang’s definition of compactness [l], a fuzzy space 
with one point can fail to be compact (see [7]). 
2.2. EXAMPLES. Let X be any infinite set, let L = 1, and let 01 E I satisfy 
0 < N < 1. For each p E X, define Uvu, V,= E Ix by the formulas 
UPa = ci, if x =p Vpa(x) =L 1, if x = p 
zzz 0, if x f p, a, if x + p. 
Let you denote the fuzzy topology on X generated by { lJ,% p E X} and Iet 
Flora denote the fuzzy topology on X generated by { Vsa: p E X}. Then (X, Toa) is 
,&compact if and only if OL < /3 < 1, and (X, rsa) is /3*-compact if and only if 
~=Oor~<~~l;(X,~~~)is~-compactifandonlyif~=lorO~~<or, 
and (X, rra) is /I*-compact if and only if 0 < /3 < 01. In particular (X, you) is 
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a-compact, but is not a*-compact, and (X, Yr=) is or*-compact, but is not ar-com- 
pact. Moreover, if 0 < 01 < /? < 1 and if y ~1 satisfies ar < y < /3, then the 
following hold: (X, 3$~) is /3- compact and ,/3*-compact, but is neither ti-compact 
nor cu*-compact, and (X, F1v) is or-compact and ol*-compact, but is neither 
/?-compact nor j?*-compact. Similarly, if 0 < 01 < 1, then (X, Yom) is 1 *-com- 
pact but not a*-compact and is not B-compact, when 0 < ,6 < or; and (X, Yi@) 
is O-compact, but is not a+compact and is not p*-compact, when LY < ,8 < 1. 
Thus, in general, no implications exist among these various notions of compact- 
ness in L-fuzzy spaces, even when L = I. 
2.3. DEFINITION. Let Q: EL and V CLx. Then % is or-centered if for al1 
c 1 ,a”, C, E %?, there exists x E X with C,(x) 2 a’, for all k = I,..., n.Also $7 is 
a*-centered if for all C, ,..., C E %?, there exists x E X with C,(x) > 01’ for all 
h = I,..., n.
2.4. THEOREM. Let (X, T) be an L-fuzzy space. (a) (X, T) is a-compact if 
and only if, for every ol-centered system F of closed L-fuzzy sets in X, there exists 
x E X such that F(x) > 01’for all F E 9. (a*) (X, 9) is or*-compact if and only af 
for every c&centered system S of closed L-fuzzy sets in X, there exists x E X 
such that F(x) > a’ for all F E F. 
Proof. (a) Suppose first hat 9 is an a-centered system of closed L-fuzzy 
sets in X such that, for each x E X, there exists FE F with F(x) < 01’. Then 
& = {F’: F E zF} is an a-shading of X that has no finite a-subshading. In fact, 
if F’, ,..., F’, E 42, then, since 9 is or-centered, there exists x E X such that 
Fk(x) > a’ for all k = l,..., n;henceF’,(x) < 01 for all R = I,..., 12. 
Conversely, suppose that @2 is an a-shading of X with no finite a-subshading. 
Then 9 = {U’: U E @} is a collection of closed L-fuzzy subsets of X. 9 is 
or-centered because if U’, ,..., U’, ~9, then there exists x E X such that 
U,(x) < 01 for all K = I,..., n and hence U’,(x) 3 01’ for all k = l,..., n. But, 
for each x E X, there is U E 92 with U(x) > (II, hence U’ E g and u’(x) < 01’. 
The proof of assertion (a*) is similar and is omitted. 
If the closure of an L-fuzzy set in an L-fuzzy space is defined in the natural 
way (see [6]), we have at once: 
2.5. COROLLARY. Let (X, 9) be an L-fuzzy space. (a) (X, 9) is a-compact 
if and only if, for every a-centered system %’ of L-fuzzy sets in X, there exists x E X 
such that C(x) > 01’ for all C E V. (a*) (X, F) is a*-compact if and only if, for 
every (II* -centered system V of L-fuzzy sets in X, there exists x E X such that 
C(x) > 01’ for all C E %. 
2.6. THEOREM. Let F be a closed crisp subset of the L-fuzzy space (X, .7). 
(ti) If X is or-compact, then F is or-compact as a subspace of X. (a*) If X is 01*- 
compact, then F is &compact as a subspace of X. 
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Proof. (a) Let 9 be an a-shading of F, and let ‘f . = (V E f: V 1 F E @}. 
Then I u {F’) is an or-shading of X, so V U {F’} has a finite ar-subshading 
(VI ,..., 1;-% ,F’}. But then (V, \ F ,..., V, ) F) is a finite a-subshading of %. The 
proof of (a*) is similar. 
2.7. DEFINITION. An L-fuzzy space (X, 7) will be called Hausdorff if x, 
F E X and x + y imply that there exist U, V E r with U(x) = V(y) = 1 and 
u A L’ = 0. 
2.8. THEOREM. Let S be a crisp subspace of a HausdorfJL-fuzzy space (X, T). 
(a) If 0 < o( < 1 and if S is ol-compact, then S is closed in X. (a*) If 0 < a < 1 
and if S is &-compact, then S is closed in X. 
Proof. (cv,) Let x E X\S. We will show that there exists U E 3- with U(x) =l 
and U < S’. Indeed, for each y E S, we can find U, , V, E r with U,(x) == 
V,(y) = 1 and U, A V, = 0. Thus (V, j S: y E S) is an or-shading of S, so it 
has a finite or-subshading {Vvl 1 S,..., Vg, ( S}. Let U = Ug, A *.. A Ug,. 
Then U(x) = 1 and UA (Vvl v *.. v Vv,) = 0. For each z E S, there exists a 
K with Vu,(z) > cz > 0, so U(z) = 0. Hence U ,< S’, where S’ is the charac- 
teristic function of X\S. Therefore X\S is open in X, so S is closed in X. The 
proof of (a*) is similar. 
2.9. THEOREM. Let X and Y be two L-fuzzy spaces and let f: X-t Y be an 
F-continuous map. (a) If X is ol-compact, then f (X) is ol-compact as a subspace of Y. 
(a*) If X is ol*-compact then f (X) is ol*-compact as a subspace of Y. 
Proof. (a) We may assume that f(X) = Y. Let @ be an a-shading of Y. 
Then f-r% = {f-r(U): U E q} is an or-shading of X. In fact, if x E X, then 
f(x) E Y, so there exists U E Q with U(f (X)) > 01, i.e., f-l(U) (x) > 01. Since X 
is or-compact, then f-l% has a finite @-subshading {f-l(U&.., f -‘(VW)}. We 
claim that (U, ,..., U,> is a finite a-subshading of a. In fact, if y E Y, then 
y = f (x) for some x E X. There exists k so that f -‘( U,) (x) > a, i.e., Uk(y) = 
U,(f (x)) > 01. The proof of (a*) is similar. 
Remark. It follows at once from 2.9 that a quotient space (see [S]) of an 
a-compact (resp. or*-compact) L-fuzzy space is again a-compact (resp. ol*-com- 
pact). 
3. THE FUZZY TYCHONOFF THEOREM 
First we show that the Alexander Subbase Theorem holds for ol-compact 
L-fuzzy spaces, where OL EL=. 
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3.1. THEOREM. Let Y be a subbase for the L-fuzzy topology 9 on a set X, and 
let (Y E La. If ~VHY or-shading of X consisting of members of 9 has a Jim’te a-s&- 
shading, then. (X, 9) is wcompact. 
proof. We may assume that d < 1. We will say that V C Y has the ol-j&e 
union property (abbreviated ol-FUP) if, for any C, ,..., C E @, there exists x E X 
with C,(x) v *.. v C,(X) < (Y. Then, for (Y EL”, (X, 9) is a-compact if and only 
if no 9 C Y having the or-FUP is an or-shading of X. 
NOW suppose that V C Y has the or-FUP, and let 
9 = (649: V C g C 7 and 99 has the or-FUP}. 
Then (F, C) is a nonempty partially ordered set that is inductive, so by Zorn’s 
Lemma 9 has a maximal element 9. We must show that V is not an a-shading 
of X. Since V C 9 C Y it suffices to show that 9 is not an or-shading of X. 
By our assumptions on the subbase 9, no subcollection of Y that has the 
or-FUP can be an a-shading of X. Since 9 has the a-FUP, then 9 n 9’ is a 
subcollection of 9’ that has the ar-FUP; hence 9 n Y is not an a-shading of X. 
It follows that there exists p E X with V(p) < 01, for all U E .9 n 9. We will 
show that D(p) < ., OL, for all D E 9. In order to accomplish this, we will show 
that, for each D E 9, there exists 9” C 59 n Y such that D < vYD. 
First we observe that Y\9 is a filter of open L-fuzzy sets relative to <. For 
suppose that A E Y\9, that B E 3, and that A < B. Then 9 U {A} does not 
have the or-FUP, by maximality of 9, so there exist Dl ,..., D E 9 such that, 
foreveryxEX,(D,v...vD,vA)(x)>ar.Butthen(D,v...vD,vB)(x) 
> OL, for all x E X, so B $9, i.e., B E 7\9. Next, we suppose that A, B E 9\9. 
Then .9 u (A} and 9 u (B) do not have the c+FUP, so there exist D, ,..., 
D m+n E 9 such that, for all x E X, 
(01 v .**vD,vA)(x)>ol and (Dm+l v *.. v D,,,+% v B) (x) > 0~. 
By letting D = Dl v a** v D,,,+, we then have, for all x E X, 
(D v A) (x) > 01 and (D v B> (4 > ~3 
whence 
(D v (A A B)) (x) > (Y. 
This then yields A A B $ ~3, so A A B E 7\9. 
Since .Y\.9 is a filter of open L-fuzzy sets, then given D E 9 and A, ,..., A E 7 
such that A, A *.. A A,, & D, we conclude that A, E 9, for some k. 
To finish the proof, let D E 9. Since D E Y and D # 1, then D is of the form 
D = v (&, A -*- A &,), 
jSJ 
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where S,, f Y for each j E J and k = l,..., nj. Thus for each j E J, we have 
Sjl A -.a A Sjnj < D, 
so by the above observation, there exists kj E (l,..., nj} such that Sjki E 9. This 
shows that 
D < i/ Sjkj 
je3 
and the proof is complete, because each Sjkj E 9 n Y. 
3.2. EXAMPLE. We will now show that the requirement in Theorem 3.1 that 
a E La cannot be relaxed when X is an infinite set, (Y # 1. 
If 01, p EL are incomparable, then for each x E X define the functions 
S, , T,: X -+ L by S,(x) = ~1, T,(x) = & and S,(y) = T,(y) = 0 if y # x. 
Then Y = {S, , T,: x E X} is a subbase for an L-fuzzy topology on X. There 
are no a-shadings of X by members of Y, but {S, v T,: x G X} is an a-shading 
of X with no finite ol-subshading. Thus 01 E LC is necessary. 
Next suppose 01 ELM but OL $La. Then there will exist two incomparable 
elements 8, y EL such that ,!J > 01, y > 01, and ,9 A y = 01. Let C, be the constant 
function on X with value /3, and for each x E X define S,: X-t L by S,(x) = /3 
and S,(y) = y if y # x. Then Y = {C,} u {S,: x E X} is a subbase for an 
L-fuzzy topology on X. Each element of Y constitutes an a-shading of X by 
itself. However (S, A C,: x E X} is an a-shading of X that has no finite or-sub- 
shading. 
3.3. DEFINITION. As in [S], if ((X, , &): fl E B) is an indexed family of 
L-fuzzy topological spaces, then the Cartesian product X = nBEB X, equipped 
with the L-fuzzy topology T(Y), where Y = {?r;‘(U,): fiE B and U, E Ya} and 
where ~a: X -+ X, is the /&h-projection map, is called the L-fuzzy product space 
of the family ((X, , &): /3 E B). 
3.4. THEOREM. The L-fuxzy product space (X, F) of the indexed fumiZy 
<(X:,,%):PEB> f o nonempty L-fuzzy spaces is a-compact if and only if, for each 
fi E B, (X, , .zQ is u-compact, where OL E La. 
Proof. The direct implication follows from Theorem 2.9 and the fact that the 
projection maps no: X -+ X, are all F-continuous and onto. 
To prove the converse, we apply Theorem 3.1 to the subbase Y = (w;‘( U,): 
/3 E B and U, E Ya} of the L-fuzzy product topology T(Y) on X. We must show 
that every a-shading of X consisting of members of Y has a finite a-subshading, 
or equivalently, that no $7 C 9 having the (r-FUP is an or-shading of X. Thus, 
let %? C 9 have the wFUP, and for each /3 G B, let 
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Then each 6$@ has the (r-FUP. Indeed, if A, ,..., A E rs , then since V has the 
or-FUP, there exists x E X such that r;l(A,) (x) v ... v V&A,) (x) < 01. In 
other words, “a(x) = x, E X, and Ai v s.0 v A&,) < (Y. Therefore, for 
each p E B, 0& fails to be an or-shading of X0 , since X, is or-compact. It follows 
that, for each /3 E B, there exists p6 E X, with A(p,) < 01 for each A E CY,,. 
Define p = <ps: fi E B) E X, and, for each p E B, define 
9ZB = {+(A): A E a,}. 
Note that V = UBEB %‘a . For each ,!I E B and ?T;I(A) E QZ8 we have nil(A) (p) = 
A(q&)) = A(p,) < 01. Therefore ‘3 is not an a-shading of X, and the proof is 
complete. 
We now show, via examples, how the concept of ol*-compactness behaves 
relative to Alexander’s Subbase Theorem and product spaces. In these examples 
we take L = I, the ordinary unit interval. 
3.5. EXAMPLE. Let X be an infinite set. For each x E X and each n E IV, we 
defme SnE: X-t I by 
S,,(y) = OL - c, if y=x 
0, if Y = x, 
where 0 < ol< 1 is fixed. Then 9’ = (Sno: n E N and x E X} is a subbase for 
a unique fuzzy topology 9- = T(Y) on X. Clearly X has no &*-shading con- 
sisting of members of 9. For each x E X, let U, = Vz=‘=, S,, . Then {U,: x E X> 
is an ol*-shadmg of X that has no finite 01*- subshading. Therefore, there is no 
Alexander Subbase Theorem for the concept of ol*-compactness. 
3.6. EXAMPLE. Let X be any nonempty set, let Y be a nondegenerate 
bounded closed interval of real numbers, and let OL ~1 satisfy 0 < 01 < 1. For 
each 0 < /3 < 1, define V,: X -+ I by V,(x) = cy(1 - /3), for all x E X. Let 0 be 
the usual topology on Y, and for each U E 0, define W,: X -+ I by 
W&> = % if XEU 
= 0, if XEX\U. 
Let 9r be the fuzzy topology on X with subbase (V,: 0 < /3 < l}, and let & 
be the fuzzy topology on Y with subbase {WV: U E O}. 
Clearly (X, .7jJ is a*-compact. By the Heine-Bore1 Theorem, (Y, 3-r) is 
a*-compact, because (Y, 0) is compact. However, the fuzzy product space 
(X x Y, Fx X &) is not 01*- compact. In fact, for each y E Y, let B(y, j3) be 
the open ball in Y of radius @, and define 
B, = VW, x WBm: 0 < B -c l>, 
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where, of course, V, x Wrr = nil(&) A n,‘(WU). Then B, is an open fuzzy 
set in X x Y and B, has value >ar precisely on X i< {y). Since Y is infinite, 
{B,: y E Y} is an or*-shading of X x Y that has no finite a*-subshading. 
4. STAR PRODUCTS 
Let (X, 5) and (Y, S) be two L-fuzzy spaces. The L-fuzzy product topology 
9 x 0 on X x Y has L-fuzzy sets of the form 
A x B = &(A) A T+(B) 
as a (sub) base, so that 
(A x B) (x, Y) = 44 * B(Y), 
for all (x, y) E X x Y. 
In the particular case when L = I, the unit interval, there is another possible 
fuzzy topology on X x Y; it has a subbase consisting of all fuzzy sets of the 
form A c B, where A is an open fuzzy set in X and B is an open fuzzy set in Y, 
A * B being defined by the formula 
(A * B) (x, y) = A(x) B(y), 
for all (x, y) E X x Y. When X x Y is equipped with this fuzzy topology, we 
denote it by X * Y and call it the star (fuzzy) product of the fuzzy spaces X and 
Y. Such products were briefly considered in [2]. 
4.1. THEOREM. If X and Y are Q-compact fuzzMy spaces, then the star product 
X * Y is also O-compact. 
Proof. In view of Theorem 3.1, it suffices to show that every O-shading of 
X * Y consisting of open fuzzy sets of the form A * B has a finite 0-subshading. 
Let % be such an O-shading. Then, for every (x, y) E X * Y, there exists an 
A,, c B,, E @ such that 
A&) G,(Y) = (Az, * 4aJ (x, Y) > 0; 
therefore, AZ&x) > 0 and B,,(y) > 0. 
For a given (fixed) x E X, {BzY: y E Y} is a O-shading of Y, so by hypothesis, 
it has a finite 0-subshading {BzY.:j = I,..., n(x)}. Then the set A, = A,, A 
... A A,, (,,, is a fuzzy open set in X such that A,(x) > 0. After construct&g 
A,, for e”ach x E X, we get a O-shading {A,: x E X} of X, so by hypothesis, it 
also has a finite 0-subshading {AZ1 ,..., A ,}. For any (x, y) E X * Y, there exists 
409/W3-8 
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an i such that A,Jx) > 0, and there exists aj such that BsiYj(y) > 0. Therefore 
(Azi t BziyJ (x, y) > 0. In other words, 
{AZ< * BziVI: i = l,..., m and j = I,..., n(x,)} 
is a finite O-shading of X * Y. Since 
for allj = l,..., n(q), then 
{ArilJj * Bzi,$: i = l,..., m andj = l,..., n(q)} 
is a finite 0-subshading of %‘, and the proof is complete. 
Remark. If we take LY = 1 in Example 3.6, we obtain 1 *-compact spaces X 
and Y such that X * Y fails to be 1 *-compact. The situation for ol-compactness 
and ol*-compactness, for all ti E I with 0 < 01 < 1, is taken care of by the follow- 
ing example. 
4.2. EXAMPLE. Let 01 E I satisfy 0 < 01 < 1. Then 01 < cN < 1, so 
c&J2 < a. Choose E > 0 so that 
c < min(*(or - &/*), alIz - a, 1 - ar1~2}, 
and define r = 01+ c and s = cG12 + E. We then obtain r, s E I such that 
a<r<s, r2 < a, rs < OL, and s2 > a. 
For each real number p E R, define U,: R + I by 
U,(x) = s, if x=p 
r, if xfp, XER. 
Let r be the fuzzy topology on the set R of real numbers generated by {U,: 
p E R}. Then (II& r) is obviously both or-compact and ar*-compact because each 
nonzero element U of 9 satisfies 01< U(x) for all x E R. However, X * X is 
neither or-compact nor or*-compact because {U, * U,: (p, q) E X x X} is both 
an or-shading and an or*-shading that has no finite a-subshading and no finite 
a*-subshading. (U, * U, has value s2 > 01 at (p, q), and value < a! elsewhere). 
5. ONE-POINT (u-COMPACTIFICATIONS 
Let (X, r) be an L-fuzzy space, let (Y EL satisfy 01 < 1, and let s, be the 
collection of all crisp closed subsets of X that are a-compact as subspaces of 
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(X, Y). Choose any object w $ X, and define X* = X u {w). For each K E .YN , 
we define K, E LX* by 
K,(x) == 1, if x 1: w, 
= K(x)‘, if x E x, 
and for each U E Y C Lx, we define U, E Lx’ by 
U*(x) = 0, if x := w, 
=: U(x), if .\^ E x. 
Then we let Y*a denote the L-fuzzy topology on X* having the collection 
Ye =:- (U,: li ~9) u (K,,,: K E xk} as a subbase. Clearly (X, F) is a (crisp) 
subspace of (X”, Y*,). 
5.1. THEOREM. Let 01 ELM. Using the above notation, (X”, .Y*J is cL-compact. 
Moreover, X is dense in (X*, F*,) if and only if (X, 7) is not cY-compact. 
Proof 1,et & be an a-shading of X* consisting of members of the subbase 
sc7, of 9-*n. There must exist a set of the form K,,, in 42; and then K,(x) = : I > a, 
for all x E X\K. Moreover, K is a-compact, so there exist C:, ,..., .5’, E ‘2’ such 
that {U, j K,..., U, 1 K} is an a-shading of K. Then { Ul ,..., L;,, KUJ} is a finite 
a-subshading of G2, so (X*, .T* J is a-compact by virtue of Theorem 3.1. 
If X is ol-compact, then X G xE , so the L-fuzzy set X, is open in (X*, %Y*,); 
the complement of X, is the crisp set X, i.e., the characteristic function of X in 
X*, so X is closed and therefore not dense in (X*, Y*J. 
If X is not dense in (X*, 9” J, then the closure X of X in (,Y*, .Y*,) is an 
L-fuzzy set of the form 
X(x) = 1, if ?E t s, 
==P, if m ~ w, 
where /3 EL and /3 < 1. The complement of X is then an open L-fuzzy set A, 
where 
A(x) = 0, if s E s 
= /3’, if x =-. w, 
and now /3’ > 0. Thus there exist K, ,..., K, E x, such that 
IL;,, A ... A K,, < A. 
This implies that /I’ = 1, so ,!I = 0, and it also implies that X := Kl u ... u K,, , 
so that X is ol-compact. 
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5.2. DEFINITION. If (X, F) is an L-fuzzy space, if (Y E La, and if (X, F) is 
not a-compact, then the space (X*, F*J, constructed above, will be called a 
one-point or-compactiJcation f (X, .7). 
5.3. DEFINITION. Let (X, F) be an L-fuzzy space, and let 01 EL. If A is an 
L-fuzzy set in X, then supp A is the crisp subset of X defined by supp A = 
(x E X: A(x) > O}. W e will call (X, F) ZocaZZy cx-compact if, for each point 
p E X, there is an open L-fuzzy set U in (X, 9) such that U(p) = 1 and such 
that suppa is or-compact as a crisp subspace of X. 
5.4. THEOREM. Using the above notation, if (X, F) is locally ar-compact and 
Hausdorff, then (X*, F*or) is Hausdorfl, where 01 E La. 
Proof. Let x, y E X and x # y. Then there exist open L-fuzzy sets U, V in 
(X, 9) such that U(x) = 1, V(y) = 1, and U A V = 0. Hence U,(x) = 1, 
V,(x) = 1, and U, A V, = 0 in (Xx, F*). Suppose now that x E X. Then 
there is an open L-fuzzy set U in (X, F) such that U(x) = 1 and K = supp iJ 
is a-compact. Then K is a closed subspace of (X, F) by Theorem 2.8, so 
K,E9-*ol. Thus U,(p) = I, K,(W) = 1, and U, A K, = 0. 
6. THE FUZZY UNIT INTERVAL AND THE FUZZY REAL LINE 
6.1. DEFINITION. [3]. The fuzzy unit interval I(L) is the set of all monotonic 
decreasing maps A: R ---f L satisfying: 
(1) h(t) = 1 for t < 0, t E R, 
(2) h(t) = 0 fort>l, 2ElR; 
after the identification of A: R -+L and p: R + L iff h(t-) = p(t--) and 
A(t+) = p(t+) for every t E R’ (where A(t-) = inf,,, X(s) and h(t+) = 
SUPs>t w. 
We define an L-fuzzy topology on I(L) by taking as a subbase (L, , R,: t E rW} 
where we define 
W) = w-v and R,@) = h(t+). 
This topology is called the usual topology for I(L). 
Note that our notation has not distinguished between the map A: II3 -+ L and 
the equivalence class in I(L) containing A. This causes no difficulty since we are 
only interested in the limit of the class at t E R which is exactly the same for 
each member of the class. 
Since L, A L, = Lanb and R, A R, = Ravb , it follows that {RQ , L, , 
R, A L,: a, b E R} is a base for the usual topology on I(L). Since R, = R, A L, 
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and L, = R_, A L, , another base is {R, A L,: a, b E R>. Certain of our proofs 
are simplified by a choice of one of these bases in preference to the other. 
6.2. DEFINITION. Thefuzzy reaZ line [w(L) is the set of all monotonic decreas- 
ing maps X: R -L satisfying: 
(1) V(Q): t E R} = 1 and 
(2) A@(t): t E lx!) = 0; 
after the identification as in Definition 6.1. The L-fuzzy topology on R(L) with 
(L, , R,: t E R} as subbase is called the usual topology for R(L). 
We may embed the real line in the fuzzy real line by identifying Y E R with 
the map h,,: Iw ----z L defined by 
A,(t) = 1 if t<y 
3 0 if t > Y. 
Note that [w(L) and its usual topology reduces to R and its usual topology for 
L = (0, l}. Also, note that I(L) is a subspace of IF!(L). Furthermore, {vl, L,) 
and {Vz=, R_,) are 1 *-shadings of K!(L). 
6.3. DEFINITION. The fuzzy open unit interaal (0, 1) (L) is the set of all 
monotonic decreasing maps h: R --z L satisfying: 
(1) V{h(t): t > 0, t E R} = 1 and 
(2) r\{h(t): t < 1, t E R} = 0; 
after the identification as in Definition 6.1. The L-fuzzy topology on (0, I) (L) 
with subbase (L, , R,: t E R} is called the usual topology for (0, 1) (L). 
Note that h E (0, 1) (L) iff h EI(L) and vf, (L,-,,, A R,,,) (h) = 1. This means 
that (0, 1) (L) is the largest crisp open subset of I(L) which does not contain hi 
where Xi corresponds to the real number i (i = 0, 1). 
It is easy to verify that (0, 1) (L) . is d ense in I(L) and that (0,l) (L) and R(L) 
are F-homeomorphic. 
Hutton [3] has shown that if the order reversing involution on L is a comple- 
mentation, then I(L) is compact in the sense of [l], [2] and [8]. The following 
more general theorem is useful because it includes the case when L = I which 
is not covered by Hutton’s result. 
6.4. DEFINITION. [2]. Let (X, 3) b e an L-fuzzy space. Then 55 C 9 is a 
cover iff V%F =: 1. Also, (X, F) is compact iff every cover has a finite subcover. 
6.5. THEOREM. The fuzzy unit interval is compact. 
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Proof. Due to the partial result in [3], we consider only the case when the 
involution on L is not a complementation. Hence, there is some c EL such that 
C V c’ # 1. Let A,: Iw -+ L satisfy 
AC(t) = 1 if tto 
=C if O<t<l 
=o if t > 1. 
Then 
‘WC) = 0 if a<0 
= c’ if O<a<l 
= 1 if a>1 
and 
Jwc) = 1 if b<O 
=C if O<b<l 
=o if b 3 1. 
Hence, if 4 is a covering of I(L) f rom the subbase {L, , R,: t E R}, then there is 
some U E 4P such that U(h,) = 1. Thus, U = R, where b < 0 or U = L, where 
a > 1. Since U = 1, we conclude that singleton {U} is a subcovering of I(L), 
By Theorem 3 in [2], it follows that I(L) is compact. 
6.6. Remark. We have shown in the above proof in the noncomplemented 
case (such as when L = I) that any cover of I(L) from the subbase {L, , R,: t E Iw} 
must contain 1. This points out another deficiency in the theory of compactness 
in the sense of [l], [2], and [8]. 
6.7. THEOREM. The fuzzy unit interval is or-compact, for all cx ELM. 
Proof. Let %! be an m-shading of I(L) from the subbase {L, , R,: t E rW>. 
Case 1. There is some (Ir EL such that neither 1c, > (Y nor I/’ > (Y holds. Let 
y EI(L) be defined by 
y(t) = 1 if tto 
= * if O<t<l 
=o if t> 1. 
Then there is some U E % such that U(y) > 0~. If U = R, , then a < 0. If 
U = L, , then b > 1. Hence, U = 1 and {U} is a finite cx-subshading. By 
Theorem 3.1, I(L) is or-compact. 
Case 2. For each II, EL, 16 > OL or $’ > 01. If Y E 1, let A, E I(L) be defined by 
A,(t) = 1 if t<r 
= 0 if t > r. 
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For each A,, there is some U E& such that U(h,) > 01. If ZJ = R, , then 
TE(U, +cxl>. If u =Lb, then Y E (- 00, b). Hence, ((a, -t co), (- co, b): R, , 
L, E %} covers I and there is a finite subcover, say V. Let A = (a: (a, + 00) E Y) 
and let B = {b: (-co, b) E Y”}. 
If B = 0, then there is some a E A such that a < 0. Thus, there is some 
R, E @ such that R, == 1. It follows from Theorem 3.1 that I(L) is ar-compact. 
So we may assume that B # ,@ and that a > 0 for each a E A. Similarly, we 
may assume that A # o and that b < 1 for each b E B. Let c = inf{u: a E A} 
and let d =: sup{b: b E B}. Clearly c E A, d E B and c < d. 
Given X E I(L), if R,(h) > CT fails, then (R,(X))’ > 01. Since (R,(X))’ <L,(h), 
it follows that L,(h) > (L. Hence, {R, , Ld} is a finite a-subshading and I(L) is 
ol-compact by Theorem 3.1. 
6.8. THEOREM. The fuzzy unit interval is 1 *-compact. 
Proof. If the involution on L is a complementation, then the result follows 
from Corollary 4 in [3]. If the involution is not a complementation, then there is 
some c EL such that c v c’ # 1. Let A, E I(L) be defined by 
A,(t) = 1 if t<O 
C if 0<2<1 
=0 if t > 1. 
Then 
uu = 0 if a<0 
C 
I if O<u<l (1) 
zzz 1 if a>1 
and 
R,(h,) = 1 if b<O 
C if O<b<l (2) 
=z 0 if b>l. 
Hence, if @ is a 1 *-shading of I(L) then there is some U E % such that U(X,) :=: I. 
Since U has the form Vi(Lai A Rbi) it follows from (1) and (2) that U := 1. 
6.9. Remark. It is an open question to determine if the fuzzy unit interval is 
cx*-compact (0 < 01 < 1). 
6.10. THEOREM. The fuzzy real line is not compact. 
Proof. Consider the family @ = (Ln: n is a positive integer). Since 
Vz==, L, -= 1, it follows that % is an open covering of 5$(L). To see that % has no 
finite subcovering, let Qf be a finite subfamily of a. Select the largest integer m 
such that L,, E a+. Let /3: IR + L be defined by /l(t) = 1 if t < m + 1 and 
/3(t) = 0 if t > m + 1. Then L&3) = 0 for each L, E %Y+. 
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6.11. THEOREM. The fuzzy real li~ is not or-compact when a ELc\{I}. 
Proof. Since IY E Lc, OL is comparable with each member of L. Given h E [w(L), 
since lim t+-m A(t) = 1 and lim,,, A(t) = 0, there are integers p, 4 such that 
h(p) > (Y and A(Q)’ > 01. Let n = / p 1 + 1 4 1 + 1. Since h is monotonic decreas- 
ing, (R-, A L,) (A) > 01. Hence, (R-, AL,: n is a positive integer} = % is an 
a-shading of R(L). We designate A, E Iw(L) for k E R by 
hk(t) = 1 if t<k 
= 0 if t > k. 
If k > n, then (R-, A L,) (hk) = 0 and it follows that @ has no finite cY-subshading. 
6.12. Remark. If L is finite and 01 < 1, then, since (R-, A L,: n is a positive 
integer} is an a-shading of Iw(L) with no finite ol-subshading, we conclude that 
(w(L) is not ol-compact. It is an open question to determine if there are L and 
OL E L\(l) such that F!(L) is a-compact. 
6.13. THEOREM. The fuzzy real line is 1 *-compact if there is a chain CCL 
such that 1 C I < j Iw 1 , V(C\{l}) = 1, A(C\{O>) = 0 and when c E C, then 
cl E c. 
Proof. If such a chain exists, then there is some X E Iw(L) such that A: R -+ 
C\(O, I}. Given an open fuzzy set U E [w(L) such that U(A) = 1, then, since U 
has the form U - Vi Ai where Ai = Rai, Ai = Lbi or Ai = La< A Rbi , it can 
be shown that v{&(h): Ai = R,i) = 1, V{A,(X): Ai = LbJ = 1 or V{A,(X): Ai = 
R,( A Lb<} = 1. It follows that A(ai: Ai = R,J = -CO, V(&: Ai = LbJ = +oo 
or A(ai v --bi: Ai = R,, A Lbi) = ---CO. Hence, U = 1 and each 1*-shading 
of k!(L) must contain 1. ‘ 
REFERENCES 
1. C. L. CHANG, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968), 182-190. 
2. J. A. GOGUEN, The fuzzy Tychonoff theorem, J. Math. Anal. Appl. 43 (1973), 734-742. 
3. BRUCE HUTTON, Normality in fuzzy topological spaces, J. Math. Anal. Appl. 50 
(1975), 74-79. 
4. ROBERT LOWEN, Topologies floues, C. R. Acad. SC. Paris, 278 Skie A (1974), 925-928. 
5. ROBERT Low, Initial and final fuzzy topologies and the fuzzy Tychonoff theorem, 
J. M&h. Anal. Appl. 58 (1977), 11-21. 
6. R. H. WARREN, Neighborhoods, bases and continuity in fuzzy topological spaces, 
Rocky Mountain J. Math. 8 (1978), No. 2 (to appear). 
7. M. D. WEISS, Fixed points, separation, and induced topologies for fuzzy sets, J. Math. 
Anal. Appl. 50 (1975), 142-150. 
8. C. K. WONG, Fuzzy topology: product and quotient theorems, J. Math. Anal. Appl. 
45 (1974), 512-521. 
9. L. A. ZADEH, Fuzzy sets, Information a d Control 8 (1965), 338-353. 
